Set of perfect reconstruction non-uniform filter banks via a tree structure by Ling, Wing-Kuen & Tam, Kwong-Shun
Set of Perfect Reconstruction Non-uniform Filter Banks 
via a Tree Structure 
Wing-kuen Ling and P. K. S. Tam 
Department of Electronic and Information Engineering 
The Hong Kong Polytechnic University 
Hung Hom, Kowloon, Hong Kong 
Hong Kong Special Administrative Region, China 
Tel: (852) 2766-6238, Fax: (852) 2362-8439 
bingo@encserver.eie.polyu.edu.hk 
Abstract. In this paper, we propose a novel method to test if a non-uniform 
filter bank can achieve perfect reconstruction via a tree structure. The set of 
decimators is first sorted in an ascending order. A non-uniform filter bank can 
achieve perfect reconstruction via a tree structure if and only if some or all of 
the channels corresponding to the maximum decimation ratio can be grouped 
into one channel, and the procedure can be repeated until all the channels are 
grouped together. 
1. Introduction 
Non-uniform filter banks play an important role in this decade and they are 
widely applied to digital image compression [3, 6, 7, 9, 13]. By realizing a non-
uniform filter bank via a tree structure [1, 2, 4, 5, 10-12], the filter length in the filters 
is reduced, improving the computation complexity and the implementation speed [14]. 
However, not all the non-uniform filter banks can be realized via a tree structure [5, 8, 
10-12]. A method to compute the number of combinations of sub-trees is proposed [8] 
to test if the decimators in the non-uniform filter bank can be generated by a tree 
structure. However, even though the decimators can be generated by a tree structure, 
this does not imply that the non-uniform filter bank can be generated by a tree 
structure. This is because the analysis filters are ignored in the consideration. In this 
paper, the necessary and sufficient conditions for a non-uniform filter bank to be 
realized by a tree structure are addressed. 
The necessary and sufficient conditions are discussed in section 2 and 
illustrative examples are presented in section 3. Finally, a conclusion is given in 
section 4. 
2. Necessary and Sufficient Conditions for Realizing a Non-
uniform Filter Bank via a Tree Structure 
Let the ordered set of decimators {n0,,n0,,nN-1,,nN-1} be D, where ni>nj 
for i>j, and the multiplicity of ni in D be pi. Let the corresponding analysis filters and 
synthesis filters be         zHzHzHzH
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, then by a proper design of the synthesis filters, those KN-1 
channels can be grouped together into one channel with the analysis filter  zH N 1  and 
the decimator nN-1/KN-1. 
Now, we have a new set of decimators and analysis/synthesis filters. Let the 
new set of decimators {n’0,,n’0,,n’N’-1,,n’N’-1} be D’ and the multiplicity of n’i 
in D’ be p’i. Let the corresponding analysis/synthesis filters be 
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By repeating the above grouping procedure, if all the channels can be grouped 
together, and eventually only one channel is left, then the non-uniform filter bank can 
achieve perfect reconstruction via a tree structure. 
Theorem 1 
A non-uniform filter bank can achieve perfect reconstruction via a tree structure 
if and only if all the channels can be grouped together by the above grouping 
procedure. 
Proof: 
The if part is proved in the above. Now, let's consider the only if part. Since the 
non-uniform filter bank can be realized by a tree structure, niD such that ni=nN-
1/KN-1, and a set of filters       zHzHzH
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words, if some of the analysis filters in a sub-tree are linearly dependent, does there 
exist a set of synthesis filters such that the whole system still achieves perfect 
reconstruction? 
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(5) 
Let the matrix in equation (5) be H. By examining equation (5) and applying 
Cramer’s rule to equation (4), we find that the determinants of the matrices by 
deleting the first row and any columns are zero. By the modulation principle, we find 
that the determinants of the matrices by deleting the last row and any columns are 
zero. Let the rank of the matrix by deleting the first row of H be r, and that of the 
matrix by keeping the first r+1 rows of H be   
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h’i is the ith column of H’ and h0,0 are the first r elements of the first row of H’. Since 
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, where ga is a vector containing the first r synthesis filters, we have 
h0,0ga+h0,1gb=T(z) and hS,0ga+hS,1gb=0. This implies that (h0,1-h0,0hS,0-1hS,1)gb=T(z), 
and 
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which contradicts the assumption. Hence, if some of the analysis filters in a sub-tree 
are linearly dependent, there does not exist a set of synthesis filters such that the 
whole system achieves perfect reconstruction. This proves the only if part and the 
theorem.  
3. Illustrative Examples 
3.1 Perfect Reconstruction Tree Structure Filter Bank 
Consider the non-uniform filter bank shown in figure 1: 
 
 
 
 
 
 
 
 
 
Fig. 1. Perfect Reconstruction tree structure filter bank 
In this case, n0=2, n1=6, p0=1, p1=3 and N=2. By selecting K1=3,   11 1  zzH , 
  54310,1 225   zzzzzH ,   54311,1 2422   zzzzzH , and 
  5432,1 2   zzzzH  [14], we can group the last three channels together into one 
channel with the new analysis filter   11 1  zzH  and the decimator 2. Similarly, by 
selecting K0=2, H’0(z)=1, H’0,0(z)=1+z-1, and H’0,1(z)=1-z-1, this non-uniform filter 
bank can achieve perfect reconstruction via a tree structure. 
3.2 Not Perfect Reconstruction Tree Structure Filter Bank Due to the 
Dependent Kernel 
Consider the same non-uniform filter bank shown in figure 1 with H0(z) is 
changed to F(z)(1-z-1), where F(z)=F(-z). The last three channels are grouped 
together with the same procedure as above, and we have two channels left with 
decimator 2, and the analysis filters are F(z)(1-z-1) and (1-z-1), respectively. Since  
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zzH , we conclude that this non-uniform filter bank cannot 
achieve perfect reconstruction even through it can be realized via a tree structure. 
3.3 Cannot Be Realized Via a Tree Structure Filter Bank Due to Structural 
Problem 
Consider the same non-uniform filter bank shown in figure 1 with H1(z) 
changed to (1-z-1)F1(z), H2(z) changed to (1-z-1)F2(z), H3(z) changed to (1-z-1)F3(z), 
where F1(z)/F2(z) and F2(z)/F3(z) are not rational functions of z2. In this case, the last 
three channels cannot be grouped together. Hence, this non-uniform filter bank cannot 
be realized via a tree structure. 
3.4 Incompatible non-uniform Filter Bank 
Consider an incompatible non-uniform filter bank [15] with the set of 
decimators {2,3,6}. Since pi=1, i, there does not exist Kj[2 pj]. Hence, an 
incompatible non-uniform filter bank cannot be realized via a tree structure [15]. 
3.5 Compatible Non-uniform Filter Bank, But Cannot Be Realized Via a 
Tree Structure 
Consider a non-uniform filter bank with the set of decimators 
{5,5,5,7,7,35,35,35,35}. In this case, n0=5, n1=7, n2=35, p0=3, p1=2, p2=4, and N=3. 
Since there does not exist K2[2 p2] such that n2/K2Z, this non-uniform filter bank 
cannot be realized via a tree structure. 
4. Conclusion 
In this paper, we propose a novel method to test if a non-uniform filter bank can 
achieve perfect reconstruction via a tree structure. The advantage of realizing a non-
uniform filter bank via a tree structure is to reduce the computation complexity and 
provide fast implementation for non-uniform filter bank [14]. 
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